Abstract: This paper provides a framework for modeling the financial system with multiple illiquid assets when liquidation of illiquid assets is caused by failure to meet a leverage requirement. This extends the network model of [6] which incorporates a single asset with fire sales and capital adequacy ratio. This also extends the network model of [14] which incorporates multiple illiquid assets with fire sales and no leverage ratios. We prove existence of equilibrium clearing payments and liquidation prices for a known liquidation strategy when leverage requirements are required. We also prove sufficient conditions for the existence of an equilibrium liquidation strategy with corresponding clearing payments and liquidation prices. Finally, we calibrate network models to asset and liability data for 50 banks in the United States from 2007-2014 in order to draw conclusions on systemic risk as a function of leverage requirements.
Introduction
Leverage or capital adequacy requirements are regulatory rules to constrain the risk of financial institutions. The more levered a firm, the greater the impact of an adverse shock to its balance sheet. However, financial institutions do not exist in isolation; the actions of one firm can impact the health of other banks. This effect is known as financial contagion. There are many avenues for contagion to spread including local interactions (e.g., contractual obligations) and global interactions (e.g., price impact caused by deleveraging and the mark-to-market accounting rules). The risk to the financial system, as opposed to the risk to a specific bank, is known as systemic risk. In this paper, we will consider an extension of the financial contagion model of [10] to include multiple illiquid assets with fire sales triggered so as to have leverage ratios below the mandated maximum. This model is similar to that presented in [14] , though with the additional allowance for fire sales caused by leverage rather than a capital shortfall. As noted in [6] , regulation that is intelligent for individual firms may actually exacerbate a systemic crisis via mark-to-market valuation from forced liquidations. This model is further motivated by [17] insofar as financial contagion is weak under the model of [10] without asset liquidations. Thus accurate modeling of the entire financial system is of paramount importance.
Eisenberg and Noe [10] present a model of interbank liabilities and study how defaults spread through the financial system due to unpaid financial obligations. In that paper existence and uniqueness of the clearing payments are proved and algorithms for the computation of the payment vector resultant from the propagation of defaults. This financial contagion model has been generalized to include, e.g., bankruptcy costs (cf. [3, 11, 12, 17, 21] ), cross-holdings (cf. [3, 11, 12] ), fire sales for a single (representative) illiquid asset (cf. [1-3, 5, 6, 16, 20] ), and fire sales for multiple illiquid assets (cf. [14] ). The papers [4, 18] consider network models of financial institutions in which connections are defined through common asset holdings explicitly rather than financial obligations. Outside of a network model, the papers [8, 9] develop a framework for modeling correlations of asset prices during a fire sale. Additionally, there have been empirical studies of systemic risk models in, e.g., [7, 13, 17, 23] .
As an extension of [14] , we study the contagion model with multiple illiquid assets where a fire sale is triggered if the leverage of a firm goes above some required level. This is in comparison to the model presented in [6] with a single illiquid asset that is liquidated if a capital adequacy requirement is violated. We provide results on existence of clearing payments and asset prices under (i) known liquidation strategies and (ii) an equilibrium, i.e., valuation maximizing, liquidation strategy for each financial institution. We additionally study how our leverage model behaves with an empirical study of financial institutions in the United States. These case studies allow us to consider counterfactual scenarios and consider the outcome if leverage requirements were set to change instantaneously. These numerical studies demonstrate that contagion is primarily driven by asset liquidation, as studied in [17] .
The organization of this paper is as follows: Section 2 provides the financial setting and general insights that we will work within for the remainder of the paper. Section 3 provides a discussion of the network clearing mechanism, and resultant interbank payments and asset prices, when the liquidation strategies are dependent only on the state of model and not the actions of other firms. Section 4 provides a discussion of the network clearing mechanism under a game theoretic framework in which each firm is a (mark-to-market) value maximizer. Throughout we emphasize conditions for the existence of an equilibrium solution to these clearing problems. Section 5 considers numerical simulations to demonstrate some insights that can be gained by our leveraged network model. We focus on network models which we calibrate to banking data in the United States from 2007-2014.
Setting
Consider the financial system presented in [14] . That is, there are n financial institutions (e.g., banks, hedge funds, or pension plans) with bilateral obligations -commonly this is depicted as a directed network of nominal liabilities. Further, there is a financial market with a numéraire -a liquid (cash) asset -and m illiquid assets whose prices fluctuate depending on the numbers of units being bought or sold by the financial institutions. For the purposes of this paper, all liabilities are to be paid in the cash asset. We denote by p ∈ ℝ n + the realized clearing payments of the banks that are attained based on the bilateral obligations. We denote by q ∈ ℝ m + the prices of the illiquid assets that are attained based on the liquidations that the financial firms are forced to enact. Throughout this paper we will use the notation
T where x, y ∈ ℝ d for some d ∈ ℕ. As described in [10] , bilateral obligations mean that any financial institution i ∈ { , , . . . , n} may be a creditor to other firms, likewise institution i may be an obligor to other firms as well. Though central counterparty clearing houses (CCPs) are not within the scope of this paper, it is possible to extend the network in such a way as described in [1] . Letp ij ≥ be the nominal liability of firm i to firm j. We will impose the restriction that no firm has an obligation to itself, that is,p ii = for every i. The total liabilities of firm i are given byp
To ease notation, we will definep ∈ ℝ n + to be the vector of total obligations for each firm in the financial system. The fractional amount of total liabilities that firm i owes to firm j, called the relative liabilities, is given by
By construction the relative liabilities satisfy ∑ n j= a ij = for any i. The relative liabilities matrix is defined as A = (a ij ) i,j= , ,...,n . Note that a ij can be chosen arbitrarily whenp i = ; the choice a ij = n in such a case is to guarantee the summation is equal to . If sufficient marked-to-market wealth is not available, then a financial institution will default on their obligations. We accept the assumption that there is no priority of payments, as presented in [10] . That is, payments will be made based on the relative liabilities matrix A.
Along with obligations, each firm i ∈ { , , . . . , n} has an initial endowment of cash x i ≥ and some number s i ∈ ℝ m + of each illiquid asset. The illiquid assets are measured in physical units, i.e., firm i holds s ik ≥ units of asset k ∈ { , , . . . , m} rather than denoting by the valuation. In this way, we can describe the vector of liquid endowments by x ∈ ℝ n + and the matrix of illiquid endowments by S = (s ik ) ∈ ℝ n×m + . As mentioned above, due to forced liquidation of the illiquid assets the price of these assets may be shocked downward. In particular, this downward shock is dependent on the clearing mechanism and not external to the financial system. We model this price by a vector valued inverse demand function
The inverse demand function F maps the number of units of each illiquid asset being sold into the corresponding price per unit that would be quoted in the financial market. Of particular interest is the component-wise inverse demand function, i.e.,
for scalar valued inverse demand functionsF k :
Mathematically, however, we will consider the more general setting in which the liquidation of one asset may potentially influence the prices of the other assets as well. This general setting permits us to consider the case with correlated prices during a crisis as studied in [8, 9] . For the remainder of this paper we assume the following conditions on the inverse demand function (as was done in [14] as well). We are now able to construct the general rules that the clearing payments and liquidations must follow. This setting is comparable to those in [6, 14] . For the valuation of the illiquid assets, we will follow mark-to-market accounting. This means the value of firm i's endowments, under price vector q ∈ ℝ m + is given by
Beyond the endowments, each firm i receives payments from firm j. As described above, in case of default by firm j, the payments are proportional to the size of the obligation, i.e., p ji = a ji p j if firm j pays p j ≥ into the system as a whole. Therefore, after taking the obligations and liabilities into account, the wealth of firm i is given by
As in [10] , we assume limited liability for all obligations. That is, no firm will go into debt to pay its obligations. Mathematically this implies that the wealth of any firm must be at least equal to . Further, we assume that each firm must pay off all its debt before it can accrue positive wealth. Thus, under pricing vector q ∈ ℝ m + , we immediately can conclude that firm i will pay out
It follows that firm i will pay the minimum of its total obligations (p i ) and its marked-to-market assets
At any point the leverage ratio for firm i is given by
where t i is the amount of the liquid asset "sold" and γ ik is the amount of illiquid asset k sold by firm i. The leverage requirement is the constraint that λ i ≤ λ max i ∈ ℝ + . The numerator of the leverage ratio is given by the total debt (after liquidations). The denominator is the equity of firm i after realized clearing occurs. We will impose two constraints on the liquidations. First, we assume that the market does not allow for short-selling, i.e., t i ≤ x i + ∑ n j= a ji p j and γ ik ≤ s ik for every firm i and asset k. Second, we assume that no firms within the financial network will purchase assets during a fire sale, i.e., t i ≥ and γ ik ≥ . Under the weak assumption that liquid capital will be used to pay off liabilities before illiquid assets are sold we can conclude
= for all firms i, the model presented herein reduces to the setting of [14] .
As in [14] , no further conclusions can be drawn without a discussion of how the firms will choose to liquidate their holdings when forced via the mechanism above. We will consider two settings for this: when a known closed-form liquidation strategy is chosen (Section 3) and when a game theoretic wealth optimizing equilibrium strategy is chosen (Section 4).
Clearing mechanism under known liquidation strategy
Consider the setting presented above in Section 2. In this section, we study the existence of the clearing payments and clearing asset prices when the liquidation strategy for each firm is known and not dependent on the liquidation strategy chosen by the other firms. As in [14] , we define the liquidation function γ ik : [ ,p ] × [ ,q ] → ℝ + to be the number of units of asset k ∈ { , , . . . , m} that firm i ∈ { , , . . . , n} wishes to liquidate. For notational simplicity, we will denote the vector of liquidations for firm i by
for clearing payments p ∈ [ ,p ] and asset prices q ∈ [ ,q ]. Additionally, we will denote γ(p, q) ∈ ℝ n×m + to be the matrix of asset liquidations for the financial system under clearing payments p ∈ [ ,p ] and asset prices q ∈ [ ,q ].
Recall that we assume there exists a no short-selling constraint for the financial market. Therefore firm i can only sell s ik ∧ γ ik (p, q) units of asset k given the clearing vector p and price vector q. Given the desired liquidations s i ∧ γ i (p, q) of every firm i, the prices in the market may be updated due to the price impact,
is the updated market prices. To describe the clearing mechanism with a given liquidation function γ, we use the previously given equity and pricing formulations. The clearing mechanism ϕ :
gives the updated payment and pricing vectors. By the logic discussed above, we define the clearing mechanism pointwise for any
The fixed points of the clearing mechanism, i.e., 
for all firms i ∈ { , , . . . , n}.
As described in [14] 
Proof. This follows identically to [14, Theorem 3.4 ].
We will now give a few examples of liquidation functions.
Example 3.3.
In a market with a single (representative) illiquid asset, i.e., m = , the minimum liquidation constraint (3.2) implies
This is akin to the single asset model presented in, e.g., [6] , though is a distinct result as the leverage requirements given herein are different from the capital adequacy requirements in [6] .
Example 3.4. In a market with multiple illiquid assets, firms may choose to sell their assets in proportion to their holdings, i.e., for some agent i = , , . . . , n and any asset k = , , . . . , m
This is the leveraged extension of [14, Example 3.3] . The specified number of units to be sold is equal to the fraction (leverage shortfall divided by the marked-to-market asset valuation) of the total holdings s ik .
Example 3.5.
To decrease the total number of assets to be liquidated, firms may choose to sell the assets with greatest value first. Notationally, let [k] ∈ { , , . . . , m} indicate the index of the kth highest price, i.e.,
. The number of units of asset [k] liquidated by firm i is given by
Notice that, in the case that a firm is able to cover the leveraged shortfall through the priciest k − assets alone, then no units of assets l = k, k + , . . . , m would be sold. However, we may not be able to guarantee the existence of a solution under this liquidation strategy. Instead we propose an strategy that approximates the behavior described above. For any ϵ > define a function h ϵ : ℝ + → [ , ] continuous and strictly decreasing. Additionally define h ϵ so that
As described we can define the liquidation strategy via the following system of equations:
whereh ϵ and g ϵ are defined as
One possible choice for the smoothing function h ϵ is given by h ϵ (z) = exp(− ϵ z). This approximation strategy does a sequence of weighted proportional liquidations (see, e.g., Example 3.4) with weights increasing with the price of assets.
Example 3.6. In contrast to Example 3.5, a firm may wish to sell its lowest value assets first so that they will no longer be on its balance sheet. Consider the same notation as above with [k] denoting the index of the kth highest price. The number of units of asset [k] sold by firm i is given by
As in Example 3.5, we may not be able to guarantee the existence of a solution under this liquidation strategy. Define the net of functions h ϵ : ℝ + → [ , ] as above. We can define an approximate liquidation strategy via the system of equations below:
As with the approximate strategy in Example 3.5, this liquidation strategy considers a sequence of weighted proportional liquidations with weights decreasing as the price of assets increase. Remark 3.8. Under the conditions of Theorem 3.2 (ii), we can utilize the modified fictitious default algorithm presented in [14] to compute the greatest clearing payments and prices (p + , q + ). Under the conditions of Theorem 3.2 (i), we can search for the clearing payments and prices (p * , q * ) via fixed point iterations beginning from (p , q ) = (p,q ). However, the fixed point iterations may not converge as this is not a contraction mapping. Alternative techniques for finding fixed points of continuous mappings, such as Scarf's algorithm (see, e.g., [22] ), can be employed instead.
Equilibrium liquidation strategies
Consider again the setting presented in Section 2. We now wish to study the existence of the clearing payments and clearing prices when the liquidation strategies of each firm depend on the strategies chosen by all other firms. That is, we wish to consider a game theoretic strategy. And in particular we consider the case that all firms are value maximizers, i.e., firm i wishes to maximize the valuation of its assets s i . Because the asset prices are influenced by the actions of all firms, this is an equilibrium liquidation strategy. This is a more realistic scenario since financial institutions do work as value maximizers, and do not publicize their trading strategies beforehand. Note that this is akin to the equilibrium liquidation strategy as presented in [14] .
Remark 4.1. Though the problem is written as a function of the liquidations enacted by individual banks, the solution only depends on the aggregate liquidations of all other banks. Notably, this solution does not require that a firm know who is selling, but only the total amount being sold within the financial system.
Recall that the equity or loss of firm i can be given by the form
for some clearing payment and price (p * , q * ). Each firm, however, is given the choice on how to liquidate its own assets s i , which can affect the prices of the illiquid assets q * . That is, every firm i ∈ { , , . . . , n} can choose how many units γ ik ≥ of asset k ∈ { , , . . . , m} to liquidate so as to maximize its own equity. In particular, the liquidation strategy for firm i will depend on the liquidation strategies γ * −i for all other firms. In sum, firm i will choose to liquidate in order to solve the maximization problem
where
The formula provided by equation (4.1) identifies the number of units of each asset a firm should liquidate to maximize its own mark-to-market valuation. Assumption 3.1 restricts the allowable liquidations at pricing vector q, described by Γ i for each firm i. Assuming all other firms follow the strategy γ * −i , then should firm i act differently, it would be missing a potentially higher valuation.
In such a setting the clearing mechanism is modified to find the clearing payment p * ∈ [ ,p ], clearing price q * ∈ [ ,q ], and equilibrium liquidation strategy γ * ∈ ℝ n×m + . The modified clearing mechanism Ψ :
) (where P denotes the power set) is defined by
A fixed point of the clearing mechanism, (p * , q * , γ * ) ∈ Ψ(p * , q * , γ * ), is the joint clearing payment, price, and liquidation strategies. Note that each firm satisfies the minimum liquidation condition described in Assumption 3.1 because
by definition. Also note that no firm can unilaterally increase its own valuation by trading in a contrary manner to that given by γ * . In Theorem 4.2, we give conditions for the existence of the joint clearing payments, prices, and liquidation strategies under the modified clearing mechanism Ψ. 
Financially, if the inverse demand function is concave -combined with Assumption 2.1 -, then the velocity of price impact increases as more assets are liquidated. In financial markets this would be the case if the limit order book is dense near the initial market price but with a long shallow tail at lower prices. That is, the underlying liquidity in the market dries up as more assets are sold leading to significant asset price movements.
Remark 4.3.
The clearing liquidation strategy γ * is a Nash equilibrium for the financial system if all firms are value maximizers. That is, no firm i has an incentive to change strategies from γ * i since it is a maximizer of the valuation problem (given the full market strategy γ * ). is strictly quasi-concave, then Ψ is a singleton. Thus, if there exists a limit to some fixed point iterations of Ψ, then this limit is a joint clearing payment, price, and liquidation strategy. For computation we will run fixed point iterations beginning from (p , q , γ ) = (p,q , ). In the case that no fixed point could be found due to non-convergence of the fixed point iterations we will interpolate linearly between clearing solutions for known network parameters; this effect will be seen in Example 5.3 in the next section.
Numerical case studies
In this section we implement the proposed leveraged financial contagion model. The underlying asset and liability data is a subsection of US banking data discussed in Appendix A. With this data we have choices for the structure of the financial network which impacts the risk levels:
• the value of assets that are from interbank liabilities of other firms (p ⋅i for firm i), • the number of illiquid assets (m) and the composition of the initial portfolio of liquid (x i for firm i) and illiquid (s i for firm i) holdings, • the liquidation strategy (γ i for firm i) of illiquid assets, • the network structure and distribution of liabilities (p i⋅ for firm i) within and to outside the system, • the leverage requirement ratio.
To construct the financial network it is sometimes beneficial to consider the case that a fraction of the liabilities of the financial firms leave the system or come in from outside of the financial system. To accommodate this we consider an augmented system with an additional "firm", denoted by node . Without loss of generality, as discussed in [15] , we assume the outside node will never default on its obligations -and more specifically we will construct a system in which node has no obligations to the rest of system. When desired, in order to incorporate the possibility of node not paying its obligations in full, we will stress the assets for the different firms at the start of the clearing mechanism.
To calibrate the network we first consider some (possibly random) structure to the directed links. Notationally, let a link from i to j have (possibly) positive weight if j ∈ I(i). With a given maximum percentage of the assets for each firm coming from incoming liabilities -with nominal size of incoming obligations P in i -we run the linear program (5.1) to find the weights for each arc in the network. The solution to this optimization problem is the matrix of obligations (including the outside node ) so that the minimal amount of liabilities is passed out of the initial financial system and the network structure is retained.
Though we only present this calibration mechanism, the qualitative results presented herein appear to hold generally. That is, the results appear robust to network topology; this is in line with the results of [17] . Throughout the examples we will consider three proxies of systemic risk where appropriate: • The fraction of total firms that are defaulting on a portion of their obligations. This was studied previously in, e.g., [19, 24] .
• The fraction of total firms that are violating the maximum leverage ratio requirement. This can equivalently be given (except on space of Lebesgue measure 0) by the firms that are liquidating all of their assets. Note that this value, in theory, can be independent of a firm defaulting on its obligations.
• The fraction of payments to the economy outside of the financial network to the total amount owed. Mathematically this can be given by the term
This was studied previously in [15] for use as an aggregation of the health of the financial network in systemic risk measures. In the construction of the portfolio holdings, we consider two measures of diversification. First the percentage of initial portfolio holdings in the liquid asset (as opposed to invested in the illiquid assets more generally). Second is a value of how much is invested in each illiquid asset. Consider the case in which firm i has initial capital C i in its portfolio, invests α ∈ [ , ] fraction in the liquid asset, and assume random distribution of investments in the illiquid assets defined by some standard deviation σ ≥ . The value of σ gives a parameter for the diversification. Under this scheme, firm i will hold x i = αC i in the liquid asset. To construct the illiquid holdings, let c
where N + denotes the maximum of a normal distribution and , then
under the assumption that F( ) =q ∈ ℝ m ++ . Note that when σ = , this corresponds to each firm dividing its initial illiquid holdings equally amongst the assets, i.e., perfect diversification. As σ increases, the disparity between assets increases and (probabilistically) each firm increases the number of assets in which it is not invested. Further note that if α = , this scheme reduces to the contagion model presented in [10] as no internal control remains for lowering a firm's leverage ratio.
We will consider a few examples with the US banking data. First, in Example 5.1, we study the case in which there is only a single, representative, illiquid asset and vary the portfolio composition between the liquid and illiquid asset. In Example 5.2, we continue to study the case with a single illiquid asset, but now vary the composition of the network -varying the probability of a connection being formed and varying the value of the assets from interbank liabilities. In Example 5.3, we study the implications of different diversification (defined by the parameter σ) and liquidation strategies have on the risk of the system by incorporating multiple illiquid assets. Finally, in Example 5.4, we consider a counterfactual scenario in which we shock the liquid and illiquid holding values after allowing for firms to cancel some assets and liabilities to meet the leverage requirement but before the clearing mechanism is considered.
Example 5.1. Consider a market with a single (representative) illiquid asset as well as the liquid asset. Assume a network with random connections; the probability of a link from node i to j (for i ̸ = j) is % and independently sampled for each potential link. Further, let at most % of any firm's assets be from incoming liabilities from other firms. As there is only a single asset the liquidation strategy is uniquely defined in Example 3.3. Let the inverse demand function be given by
When the entire portfolio is in the liquid asset (α = ), then under this setup the network is always stable -no defaults, no leverage shortfalls, all payments made in full as anticipated by the results of [17] . If however the entire portfolio is in the illiquid asset (α = ), then there is a minimal leverage requirement for which any lower maximum leverage leads to all firms defaulting and failing the leverage requirement and any higher maximum leverage leads to no firms defaulting on any obligations. This is evidenced in, e.g., Figure 1 ; note that the fraction of firms defaulting and the fraction that violate the leverage requirement coincide exactly. In Table 1 given. From this table it is clear that there was a crisis that occurred in 2008; the minimum possible leverage requirement so that the system is stable is .
which is much higher than the values in every other year. In the years after the 2008 financial crisis the system became more stable until 2012 when the minimal safe leverage ratio started to slowly rise again. This would be an interesting metric to follow going forward as it is a simple measure and is reflected in all three proxies for systemic stability. Figure 2 shows the general shape of what happens as the fraction of portfolio holdings α in the liquid asset (as opposed to the illiquid asset) increases from to . The result here is exactly as anticipated. The larger the holdings in the cash asset the more resilient the financial system since fire sales and price fluctuations have a lower impact on a firm's overall valuation and equity. Figure 3 provides a plot of the minimal acceptable leverage requirements in 2007 as a function of the fraction of portfolio holdings α in the liquid asset. Notably, the more assets are held in the liquid asset, the more resilient the system becomes to forced liquidations to satisfy a leverage requirement. This curve is nearly linear from α = % until nearly α = %, which is to be expected as the leverage is a function of the illiquid assets.
Example 5.2. Again let us consider a market with a single (representative) illiquid asset as well as the liquid asset. Assume a network with random connections, though in this example we will vary the probability of a connection being formed. Additionally, we will vary the maximum percentage of a firm's assets which come from interbank liabilities. Throughout this example we will fix the portfolio holdings so that α = % of the holding's initial value is in the liquid asset. As there is only a single asset the liquidation strategy is uniquely defined in Example 3.3. And we will consider the same inverse demand function as in the prior example, i.e.,
In Figure 4 we plot the fraction of obligations to the outside node that are actualized after the clearing mechanism is completed and in Figure 5 we plot both the minimal acceptable leverage requirements and the fraction of obligations to the outside node that are actualized after the clearing mechanism is completed when the leverage requirements are set to 0 with the data from 2007. As with Example 5.1 above, we choose to display only the plots from 2007 as it is a representative result for each subsequent year as well. In fact, in Figure 4 , we plot only the fraction of obligations that are realized because the plot for fraction of firms which defaults and the fraction of firms which liquidate all their assets have the same structure with critical leverage levels displayed in Figure 5 . In this scenario we assume the probability of forming a connection between any two distinct firms is fixed at %. Throughout we vary the maximal allowed fraction of initial assets that come from the interbank liabilities. Most interestingly about these plots is that, though as the fraction of assets from interbank liabilities increases the system is more stable (a higher fraction of liabilities are paid) at low leverage requirements, there is a point where increasing the percentage of interbank liabilities makes the system less robust in view of the critical leverage level. It is to be expected that at low leverage requirements greater connectivity equates to more robust system behavior -as a larger fraction of assets are from interbank liabilities, the banks become less susceptible to fire sales. However, interestingly, there is a connectivity level beyond which the contagion through direct linkages overwhelms the beneficial aspects of risk sharing.
In Table 2 we provide the minimal safe leverage requirements in each year given varying connection probabilities. For this situation we fix the maximal fraction of a firms assets from incoming liabilities at %. Interestingly, though a clear trend, the minimal acceptable leverage requirements are not monotonically decreasing with the connection probabilities. This is even when normalizing for the realized sampled number of connections. As opposed to Figure 4 , since there is a maximum percent of a firms assets in interbank liabilities, the increased connectivity tends to improve the systemic risk via risk sharing properties. Finally, as observed in Example 5.1 previously and as expected, the financial system appears to be in its worst shape (by a significant margin) in 2008 and appears to be the most stable in 2012 before trending more risky after that trough.
Example 5.3.
Let us now consider a market with m = illiquid assets. As before assume that α = % of the portfolio's initial wealth is in the liquid asset. The remainder of the portfolio holdings will be spread amongst the illiquid assets with varying parameter σ. The inverse demand function for every asset k is given by the concave inverse demand function
Note that, for a fixed system-wide portfolio S, on the domain of interest (i.e., [ , ∑ n i= s i ]) the inverse demand function F is nonincreasing and strictly concave. The asset liquidations will be done among varying strategies presented previously: proportional liquidation in Example 3.4, (a continuous approximation of) liquidating the worst performing assets first in Example 3.6, and the equilibrium liquidation strategy in Section 4. Further assume the network with % chance of a connection between any two distinct firms and at most % of any firms initial assets come from interbank liabilities.
The first set of comparisons was taken over different liquidation strategies at diversification σ = . . In particular, we compute the system for proportional liquidation (Example 3.4), a continuous approximator of worst asset liquidation (Example 3.6), and the equilibrium liquidation strategy (Section 4). Though Figure 6 appears to show a large deviation for the equilibrium trading strategy, this is a result of no convergent clearing payment (and linear interpolation) along the sloped part of the curve. Noticeably the proportional liquidation is safer than the worst asset liquidation strategy. This is as expected due to the implications of concavity of the inverse demand function on the velocity of price impact.
Since all liquidation strategies perform comparably, we will now consider only the proportional liquidation strategy. Here we consider varying diversification. Interestingly, the minimal safe leverage requirement is only very weakly dependent on the diversification parameter σ with a high probability. In Figure 7 we plot the minimal acceptable leverage requirements as a function of the diversification from 2011 over 1000 simulated portfolios. We chose this year as it is representative, but shows a more distinct difference than the other years; we skip the plot of the number of firms defaulting as the critical leverage requirement is a threshold that below it 100 % of banks are defaulting and above 0 % are. In general, though not monotonic in every realization, greater diversification (i.e., lower σ) leads to a safer system as would be expected. As demonstrated by the confidence intervals in Figure 7 , the behavior of the system with respect to the diversification is very sensitive to the actualized parameters; this demonstrates the truly nonlinear nature between fire sales and the critical leverage threshold.
Example 5.4. Finally, we will consider a counterfactual scenario of assets and liabilities generated from the US banking data discussed in Appendix A. In this example we will allow firms to borrow or lend money to increase both liabilities and assets by the same value w i so that they begin the system at the leverage requirement, i.e.,p
Additionally, in order to prompt a systemic crisis we assume that, before the clearing mechanism is run, all firms have their portfolio holdings reduced by some parameter β ∈ [ , ] due to a systematic risk factor. That is, if initial portfolio holdings in the liquid and illiquid assets were x i and s i (respectively) for some firm i, after the stress the same holdings are given by ( − β)x i and ( − β)s i . Note that though in this scenario we are stressing the number of assets held, the same effect could be accomplished by stressing the initial prices of the assets. For the network setup, consider a market with a single (representative) illiquid asset with inverse demand function
As before, let the initial portfolio for each firm will be α = % in the liquid asset and % invested in the illiquid asset. Since there is only a single illiquid asset, the liquidation strategy is uniquely defined by Example 3.3. To construct the network assume a probability of connections to be % and the maximum of % of any firms assets come from interbank liabilities.
First we study what happens to the number of defaulting firms, the number of firms that violate the leverage requirement after the clearing mechanism completes, and the amount of obligations paid to the outside node . This is shown in Figure 8 for the data of year 2007; each subsequent year is of the same form. Note that the fraction of firms defaulting and the fraction that violate the leverage requirement coincide exactly. Of particular note is that the system is stable until some threshold leverage requirement as in the previous examples. But now, the direction of increased risk is flipped from the prior examples, i.e., lower leverage requirements result in more stable systems during a systematic shock. The reason for the difference between this result and the prior ones is that previously the initial leverage was not dependent on the leverage requirements. Therefore a lower leverage requirement leads to greater liquidations and fire sales. However, in this scenario lower leverage requirements lead to fewer investments and thus lower sensitivity to price fluctuations. The second note for this plot is that the curve for the payments to the outside economy is no longer flat after the threshold leverage requirement. That is, when defaults do occur, the size of losses increases the greater the allowable leverage becomes. In Figure 9 we study 2007 yet again as a representative of all following years. We focus on the fraction of liabilities being paid to the outside node as a function of the shock size β. As expected, the larger the shock size, the larger the losses to the outside node and the earlier the losses occur. In particular, without a systematic shock there are no losses within the system. But even at β = % valuation loss, the systemic risk becomes significant even for low leverage ratios. As the shock size increases, the percentage of losses to the outside node grow, as is expected.
Conclusion
In this paper we extended the financial contagion model of [10] to consider the implications that leverage and asset liquidation strategies can have on the spread of systemic risk. In particular, we consider the case in which some firm begins a fire sale in order to delever if mark-to-market accounting leaves them violating the leverage constraint. This generalizes [14] -which considers asset liquidation strategies, but not the presence of leverage constraints -in the direction of [6] in which fire sales are triggered by capital adequacy require- ments. Mathematically we prove conditions for the existence of a clearing payment and asset prices under either a known liquidation strategy or under the game theoretic strategy of wealth maximization (in which case the liquidation strategy itself becomes part of the equilibrium solution).
We focus the majority of our attention on the numerical case studies in which we calibrate a network model to asset and liability data for large financial institutions within the United States from the years 2007-2014. We consider multiple parameters that we can vary while staying true to the data. By varying these parameters in a systematic way, we are able to run counterfactual scenarios and draw broad conclusions about the health of the financial system. In particular, we find that once the system is begun, a greater maximum leverage requirement leads to fewer fire sales and thus a more stable system. In contrast, if we create a counterfactual financial system so that the firms begin at the maximum leverage requirement, a stricter leverage requirement leads to fewer assets to be impacted by price fluctuations through mark-to-market accounting. Thus under this counterfactual system, stricter leverage requirements produce a system more robust to systematic shocks.
A Data
In Section 5 we utilize asset and liability data for 50 large financial institutions in the United States from 2007-2014. This data is broken down yearly into total assets and total liabilities. A subset of the collated data is presented in Table 3 . The remainder of this section displays information on the leverage ratios for the financial institutions as a group. Histograms of the realized leverage ratios for each year are displayed in Figures 10-17. Figures 18-25 display the realized leverage ratios against total assets, liabilities, and equity for each firm as scatter plots. We do this to demonstrate, in general, that there is no discernible relation between firm size and realized leverage ratios. This can be used to justify our choice of a single leverage requirement for each firm in the case studies of Section 5 (as opposed to leverage requirements that depend on, e.g., initial firm size). 
